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The simple manifold of tonal, sensations is likewise analogous to the triple manifold of space-sen-sations.1 The comparability of the different parts of the system of tonal sensations is given by the possibility of directly sensing the musical interval. A metric system corresponding to geometric space is most easily obtained by expressing tonal pitch in terms of the logarithm of the rate of vibration. For the constant musical interval we have here the expression,
n'
log -~ = Jog nf — iOg n = iOg r — log T' — const.,
where n', n denote the rates, and T', r the periods of vibration of the higher and the lower note respectively. The difference between the logarithms here represents the constancy of the length on displacement. The unalterable, substantial physical object which we sense as an interval is for the ear temporally determined, whereas the analogous object for the senses of sight and touch is spatially determined. Spatial measure seems to us simpler solely because we have chosen for the fundamental measure of geometry distance itself, which remains unalterable for sensation, whereas in the province of tones we have reached our measure only by a long and circuitous physical route.
1 My attention was drawn to this analogy in 1863 by my study of the organ of hearing, and I have since then further developed the subject. See my Analysis of the Sensations.